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Abstract-A solution for the energy equation, with a parabolic velocity profile, for an incompressible 
permanent laminar fluid flow through a circular pipe, including viscous dissipation and axial conduction is 
shown. The solution is presented as a series of hypergeometric functions. Furthermore, it is shown how to 
apply this solution to problems involving first, second, and third kind boundary conditions. A first kind 

boundary condition example is examined, for P&let numbers from 5 to 100. 

NOMENCLATURE 

a pipe radius 

Br Brinkman number, $J2/KTo 
c fluid specific heat 

K thermal conductivity 

1 non-dimensional heat transfer coefficient 

M&b Whittaker function of order a, b 
Pe P&let number, pUac/K 
r radial coordinate 

r+ non-dimensional radial coordinate 

R,(r+), Z,(z’), @(b) functions whose product is the 
homogeneous solution of eqiation (2), for 
n (integer) > 0 

k,,,(r+) 

T+ 

u 

L” 

Z 

Z+ 

z Ill" 

solution of the energy equation for 

ma1 
temperature function, T/T, 
fluid velocity at the pipe axis 
variable, (r’)’ 

function that is the product of 

r+ by R,,&+) 
axial coordinate 
non-dimensional axial coordinate, 
z/a Pe 

series term yielding Z, = 1+ f Z,,. 
III=, 

Greek symbols 

1 Ill” constant such that Z,, = e-” mnZt 

P viscosity coefficient 

P fluid density 

4 angular coordinate 

WllX” variable, A,,,,( 1+ L&,/Pe’)/4. 

1. INTRODUCTION 

THE HEAT transfer problem in a circular pipe has been 
extensively studied by Reynolds [l, 21, Sparrow and 
Lin [3], and other authors. All solutions for the energy 
equation have been found in terms of a series of 
functions, using the separation of variables method. 
Ash and Heinbockel [4] established a solution as a 

* Present address : Georgia Tech, Atlanta, Georgia, U.S.A. 

series of hypergeometric functions of the radial 
coordinate, assuming a constant wall temperature. 
Faghri and Welty [S] published a rather comprehen- 

sive paper, where a solution was obtained using a radial 
coordinate power series expansion. They applied their 
solution to asecond kind boundary condition problem. 

This paper represents an extension to Faghri and 
Welty’s solution, where the solution is obtained as a 
radial coordinate Whittaker functions series. Thus, it is 
now possible to treat first, second, and third kind 

boundary condition problems in a closed way, as 
shown in Section 3. It is also possible to study the effect 
of low P&let numbers, a situation that could occur in 
the slow flow of high-temperature liquid metals. This 
situation may be important in nuclear reactors, if the 
working fluid is slowed due to a pump malfunction. 

2. SOLUTION OF THE ENERGY EQUATION 

The energy equation for a parabolic velocity profile 
in a circular pipe, under permanent, laminar, and 
incompressible fluid flow regime, in cylindrical 
coordinates, is given by Welty et al. [6] 

pcU[ l-(iy]g = K{ii(rg) 

q, (1) 

where p is the fluid density, c the specific heat, k the 
thermal conductivity, p the viscosity coefficient, U the 
fluid velocity on the pipe axis, a the pipe radius, and 
T the temperature function. It is also assumed that 

p, c, K, and p are all constants. 
Transforming equation (1) into a non-dimensional 

form, with 

Z r+ =’ z+=- 
a’ a Pe’ 

T+ =f, 

0 

where Pe = ecUa/K is the P&let number, and To a 
reference arbitrary temperature, the non-dimensional 

1183 



11x4 JPKONIMO IX)S SANTOS TKALI’LHO and Lu17 AI.RERTO VIEIRA DIAS 

energy equation becomes 

where Br = pU2/KTo is the Brinkman number. 

In order to solve the above non-homogeneous 
partial differential equation, a particular solution for 
the complete equation is added to the general 
homogeneous equation solution. For convenience, the 
particular solution is assumed to be of the form 

H(r+, Z+ ) = Cz+ +.f(r+)+Ho, (3) 

where H, and C are constants to be determined. 

The use of H(r+, z+ ) splits the original equation into 
two other equations, one of them being the energy 
equation without the viscous effects. 

Substituting this function into the energy equation 
results in the following solution being obtained 

(4) 

The homogeneous equation is solved by the method 
of separation of variables, using 

?L&+, (b, z’) = $(r+, z+)@(4). (5) 

This relation yields the solution, for n (integer) > 0 

CD,(d) = A, cos (n4) + B, sin (n4) (6) 

and 

ijn(rf; z’) = R,(r+)Z,(z+). 

Hence, the energy equation becomes 

(i-r+2)Rn$=$$(r+$R”) 

- $ R,Z, + f$ 

and therefore the separation of variables is possible. 

The solution of equation (S), for m = 0, is 

R,, = DOnri “+E,,,r ‘( !“. (10) 

Since R,, must be finite for 0 < Y ’ d 1. Ii’,, must be 

zero. 
For m > 1 the energy equation becomes 

7 

-$R”+$R,,. (11) 

Faghri and Welty [S] solved this equation through a 

series expansion, and applied it to a second kind 
boundary condition problem. 

A closed form solution can be obtained after some 

transformations, as seen below. Introducing the 

variablex = r+’ ,and the function X,,(x) = r+R,,(r+), 
equation (11) becomes 

d2x 
-i&(1 -.x)x “zXmn = x- 3’*x”I,,+4xi!* mn 

dx2 

(12) 

Rearranging the terms, and equating them to zero 

d%+{!$ +!&(l+&&)t.l$+,~=O. 

(13) 

The solution of this equation is 

Xmn = ~mn~w,,,n,2GmnX) + GrmWo,,,n,2bLnX)r (14) 

(7) where c)mn = &,,,/4( 1+ ii,/Pe’), and the functions 

M w,,,n,2(4,,n4 and K,,,n,2(Ln~) are the known 
Whittaker functions [6]. The function W,_“,,,,(;C,,.u) 
becomes infinite at the origin for all CD,,,,, and for all 
n > 0. In order to have R,,(r’) finite for 0 d x d 1, G,, 

d2Z 
must be zero. Then the general solution for the energy 

*, (8) equation is 

which is the same energy equation without the viscous 

effects. 
In order to solve equation (8) by the method of 

separation of variables, Z, is expressed in terms of the 

series for the integer m 

+ jj [A, cos (n$) + B, sin (n4)]r +’ 
” = 0 

.f 

(9) 
+ jj i cF[C’,, cos (n4) 

n=0m=, 

+ D,, sin (n~)lM,_,~,,:2(j”,,rt *I. (15) 

The constants in equation (15) are determined from 

the boundary conditions. 

z, = 1 + 5 z,,, 

where 

??I=* 

Z,, = 1 = const. and Z,, = e-” mn” 

This assures that 

1 dZ ~~ . _..!! 
Z, dz+ 

= -2.: = const 

and also 

1 d=Z, _ 

Z, dz+= 
/.;, 

3. APPLICATION TO BOUNDARY CONDITIONS 

As an example, for first kind boundary conditions, 
independent of z +, it is assumed that 

T+(r’, 4, 0) = h,(r ‘, q5), (16) 
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FIG. 1. Variation of (T), the average fluid temperature, with z+ and Pe. 

Tf(L 4, z’) = h*(4). 

Under these conditions, C = 0, and 

(17) aT+ 

ar+ 
= l[T+(r+ = 1) - T,f@Il> (25) 

r+ =1 

M w,.,“,2(&fl”r+ *) = 0. (18) 
where T,,~c#J) is a non-dimensional reference tempera- 
ture, and I is the non-dimensional heat transmission 

Therefore, equation (18) determines the 1, values. coefficient. From equation (25), C must be zero. Using 
The other coefficients are determined by equation (25) for zc + co, the constants A, and B,, are 

A, = H;,mr 
(19) determined after expanding ZJ4)into a Fourier series. 

From equations (8) and (9) for z+ finite 

B, = H”,,,, (20) 2mn A M,,,,n,2Wly = ~,,x 
dy 

= U + WL,,,n,2hA 

where H”,,” and H”,,” are cos (nd) and sin (~4) Fourier 
series expansion coefficients of h,(4), respectively. 

Finally, equation (16) yields C,, and D,,. Usually 
the C, and D,, computation is done by looking at 
the minimum quadratic deviation in the solution for 
Z+ = 0 [S]. 

For second kind boundary conditions 

T+(r+, 4, 0) = Mr+, 44 (21) 

dT+ 

dr+ = 4(4X 
r+ =1 

(22) 

where q(4) is the non-dimensional heat flux. 
Condition (22) determines the values of 1, through 

the equation 

(26) 

is obtained, and the calculation of C, and D,, is similar 
to that of the previous cases. 

Numerical calculations were performed for the first 
kind boundary conditions below 

T+(l, 4, z’) = 1 +cos 4, (27) 

T(r+, $, 0) = 0, (28) 

and Pe from 5 to 100. The results are shown in Figs. 1 
and 2. The variations of(T), the average temperature, 
and Nu, the Nusselt number, as a function ofz+ and Pe, 
are presented in Figs. 1 and 2. 

1 
4. CONCLXJSIONS 

M o,,,n&mr+ *) = 0, (23) 
,+ =1 From the numerical computation of the first kind 

and also the constants C, A, and B, through the boundary conditions example, a few conclusions can be 

identification ofa Fourier series. Finally, condition (21) drawn. For Pe = 5, the case of a slow flow of a high 

determines the other coefficients of equation (15). temperature liquid metal, one can infer that ,I,,,, 

After computing the values of I,,, the problem is increases with n, which implies that the variation in the 

similar to a first kind boundary condition one. wall temperature, with respect to the angular variable, 

Finally, for third kind boundary conditions is transmitted in a more efficient way than the mean 

T+(r, 4, 0) = &(r+, 4, 
value of the wall temperature. For larger Pe, the 

(24) opposite is true. Normally, Pe is larger than 100; 
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FIG. 2. Variation of Nu, the Nusselt number, with Z+ and Pe. 

FIG. 3(a). Temperature profile for z+ = 0.1. for PE = 5. 

FIG. 3(b). Temperature profile for z+ = 0.2, for Pe = 5. 

FIG. 3(c). Temperature profile for z+ = 1.0, for Pe = 5 

however, if a high-temperature liquid metal, such as 
sodium, is flowing slowly Pecan be as low as 5. It has to 
be pointed out that, when Pe is smaller than 100, its 
effect on (T) and Nu has to be taken into account in 
designing heat transfer systems. Table 1 presents the 

first ten values of A,,,, for Pe = 5, n = 0 and 1. Figures 
3(aHc) show the temperature profiles for Pe = 5 on 

three cross-sections of the pipe. 
Numerically, the computation of A,,,, when Pe is low 

(5-20) presents some problems. This is due to the fact 
that the Whittaker functions grow very fast with 
increasing arguments. This difficulty is overcome by 
decomposing the Whittaker functions into a product of 
two functions [7], one of them being a confluent 
hypergeometric function of the type 1 F,, thus making it 
possible to compute the A.,,,,,‘s. 
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Table 1. Values of L,, for Pe = 5 REFERENCES 

m 

6 
7 
8 
9 

10 

n=O 

2.3853 
4.5109 
5.9765 
7.1579 
8.1743 
9.0798 
9.9039 

10.6653 
11.3763 
12.0456 

n=l 

3.5314 
5.2700 
6.5791 
7.6129 
8.6315 
9.4950 

10.2870 
11.0226 
11.7124 
12.3640 
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CALCUL DE LA TEMPERATURE DANS UN ECOULEMENT INCOMPRESSIBLE 
PERMANENT A L’INTERIEUR D’UNE CONDUITE CIRCULAIRE AVEC CONDUCTION 

AXIALE ET VISCOSITE 

R&m&Une solution de l’bquation de Energie, avec profil de vitesse parabolique, est don& pour un 

Bcoulement incompressible permanent dans une conduite circulaire avec dissipation visqueuse et conduction 
axiale. La solution est present&e sous forme d’une s&ie de fonctions hypergkomttriques. De plus, on montre 
comment appliquer cette solution aux problkmes comportant des conditions aux limites de premikre, seconde 
et troisiZme esp&es. Un exemple de conditions aux limites de premiZre espece ttudi& pour des nombres de 

P&let de 5 ?I 100. 

BERECHNUNG DES TEMPERATURFELDES EINER INKOMPRESSIBLEN, STATION;CREN, 
LAMINAREN FLuSSIGKEITSSTRc)MUNG IN EINEM KREISROHR MIT AXIALER 

WARMELEITUNG UND VISKOSITATS-EFFEKTEN 

ZnsPmmenfassuog-Fiir inkompressible, stationtie, laminare Fliissigkeitsstriimung mit parabolischem 
Geschwindigkeitsprofil im Kreisrohr wird eine L&uog der Energiegleichung angegeben, wobei 
reibungsbedingte Dissipation und axiale Wiirmeleitung beriicksichtigt werden. Die Liisung wird in Form von 
Reihen hypergeometrischer Funktion dargestellt. Weiter wird die Anwendung dieser LBsung auf Probleme 
mit Randbedingungen erster, zweiter und dritter Art gezeigt. Ftir Peclet-Zahlen von 5 bis 100 wird ein Beispiel 

mit der Randbedingung erster Art untersucht. 

PACYET TEMIIEPATYPbI JIAMHHAPHOrO HOTOKA HEC)I#IMAEMOfi 
)KKRAKOCl-B B KPYrJIOR TPY6E C AKCMAJIbHOti 

TEIIJIOflPOBO~HOCTbK M BII3KOCTbIO 

AHHOTalpa-nOnyVeH0 pememie ypaBHeHHa 3HeprHU c napa60n&ireCKHM npo@fneM CKOpOCTA DJIa 

cnygan nab0iHapkroro TeyeHIin HecmuMaeMofi TWm(OcTR B KpyrnOfi Tpy6e c yVeTOM Ba3KOii 

AHccHnamikf n aKcHanbHoE TennonpoBonHocr~. Pememie npenclaaneeo a anne pnna renepreoMeTpe- 

‘ieCKUX +yHKUHfi. KpOMe TOrO nOKa3aH0, KaK TaKOe pemeHHe MOgeT npliMeW?TbCfl B 3amVaX C 

rpaHWiHbIMU yCJIOBH5IMB nepBOr0, BTOpOrO B TpTberO pOAa. PaCCMOTpeH npEiMep C rpaHWHbIM 

ycnoBeeM nepeoro poaa npH 3HaqeH5inx YACna IleKne 0~ 5 no 100. 


